Abstract. We show that semisimple Hopf algebras having a self-dual faithful irreducible comodule of dimension 2 are always obtained as abelian extensions with quotient Z2. We prove that nontrivial Hopf algebras arising in this way can be regarded as deformations of binary polyhedral groups and describe its category of representations. We also prove a strengthening of a result of Nichols and Richmond on cosemisimple Hopf algebras with a 2-dimensional irreducible comodule in the finite dimensional context. Finally, we give some applications to the classification of certain classes of semisimple Hopf algebras.
Introduction and main results
Throughout the paper we work over k, an algebraically closed field of characteristic zero. This paper is a contribution to the study of low dimensional semisimple Hopf algebras, namely those that admit a faithful comodule of dimension 2. Our starting point is a theorem by Nichols and Richmond [38] , that we recall first.
Let H be a cosemisimple Hopf algebra over k and let C ⊆ H be a simple subcoalgebra of dimension 4 (this is equivalent to say that H has an irreducible comodule of dimension 2). The main result of the paper [38] says that, in this case, at least one of the following possibilities holds:
(1) H has a group-like element g of order 2 such that gC = C; (2) H has a Hopf subalgebra of dimension 24, which contains a grouplike element g of order 2 such that gC = C; (3) H has a Hopf subalgebra of dimension 12 or 60; (4) H has a family {C n : n ≥ 1} of simple subcoalgebras such that dim C n = n 2 , and for all n ≥ 2, C n S(C 2 ) = C n−1 + C n+1 , n even, C n C 2 = C n−1 + C n+1 , n odd.
See [38, Theorem 11] . Note that if H is finite dimensional only the possibilities (1)-(3) can arise, and then dim H is even (in particular this gives a partial positive answer to one of Kaplansky's long-standing conjectures). In this paper we obtain a more precise description of this result, in case H is finite dimensional. We prove in Subsection 3.3 the following theorem that strengthens the Nichols-Richmond Theorem above in the finite dimensional context, and connects this class of Hopf algebras with polyhedral groups. Observe that, in addition, the category of B-comodules is contained in the adjoint subcategory of the fusion category H − comod of finite dimensional H-comodules.
In special situations, the above theorem may be refined as follows. Indeed, assume that the irreducible 2-dimensional comodule V corresponding to C satisfies V * ⊗ V ≃ V ⊗ V * . Then the Hopf subalgebra H ′ of H generated by C fits into a cocentral exact sequence
for a polyedral group Γ of even order and m ≥ 1. See Theorem 3.5. Moreover when V is self-dual, the Hopf algebra H ′ = k[C] generated by C can be completely described. See Theorem 1.2 below.
Compact quantum subgroups of SU −1 (2) , or in other words, quotient Hopf * -algebras O −1 [SU 2 (C)] → H, were determined in [43] . In this paper we give an algebraic version of this result. We obtain a description, using Hopf algebra exact sequences, of quotient Hopf algebras O −1 [SL 2 (k)] → H in the finite dimensional case. See Theorem 5.19. Our approach gives a more precise description of such quotients, and also implies a description of their tensor categories of representations in terms of Z 2 -equivariantizations of certain pointed fusion categories. See Corollary 5.12.
It turns out that every such Hopf algebra H can be regarded as a deformation of an appropriate binary polyhedral group. We remark that such groups admit no nontrivial cocycle deformation in the sense of [33, 10] , since every Sylow subgroup is either generalized quaternion or cyclic.
We combine this result with the classification of Hopf algebras associated to non-degenerate bilinear forms in the 2 × 2 case [7, 12] , to prove the following theorem. Let C ⊆ H be the simple subcoalgebra containing V . Note that the assumptions on V in Theorem 1.2 amount to the assumption that dim C = 4, S(C) = C and C generates H as an algebra. In particular, if H is one of the Hopf algebras in (ii), then dim H = | Γ| can be either 24, 48, 120 or 4n, n ≥ 2. It turns out that, when k = C is the field of complex numbers, such Hopf algebras admit a Kac algebra structure.
Furthermore, let Vec Γ be the fusion category of Γ-graded vector spaces, where Γ ≃ Γ/Z( Γ) is the corresponding polyhedral group. Then we have an equivalence of fusion categories Rep H ≃ (Vec Γ ) Z 2 , where the last category is the equivariantization of the category Vec Γ with respect to an appropriate action of Z 2 .
The Hopf algebras A[ D n ], B[ D n ], n ≥ 3, were constructed and studied by Masuoka in [31] . By the results in loc. cit., A[ D n ] is the only nontrivial cocycle deformation of the commutative Hopf algebra k D 2n . On the other hand, the Hopf algebra B[ D n ] is self-dual and it has no nontrivial cocycle deformations.
In the case when n = 2, A[
, and they are both isomorphic to the 8-dimensional Kac-Paljutkin Hopf algebra H 8 .
We give some applications of the main results to the classification of a special class of semisimple Hopf algebras. We consider a semisimple Hopf algebra H such that deg χ ≤ 2, for all irreducible character χ ∈ H.
We show in Theorem 6.4 that such a Hopf algebra H is not simple. Moreover, we prove the existence of certain exact sequences for H, which imply that either H or H * contains a nontrivial central group-like element and, in addition, that H is lower semisolvable. See Corollary 6.6.
An application to semisimple Hopf algebras of dimension 60 is also given in Subsection 6.2. We show that for two known examples of simple Hopf algebras of this dimension, the Hopf algebras are determined by its coalgebra types.
The paper is organized as follows: in Section 2 we recall some facts on Hopf algebra extensions and their relations with the categories of representations. Section 3 is devoted to the proof of Theorem 1.1. In Section 4 we recall the definition and basic properties of the Hopf algebra of a nondegenerate bilinear form and its relation with the classification problem we consider. We study in this section a canonical Z 2 -grading in the category of finite dimensional comodules. In Section 5 we discuss the 2 × 2 case and further facts related to the Hopf algebra O −1 [SL 2 (k)] and the classification of its finite dimensional quotients. Section 6 contains some applications to the classification of certain classes of semisimple Hopf algebras. We include at the end an Appendix with some facts concerning a special kind of Opext groups that include those related to the Hopf algebras
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Preliminaries

2.1.
Hopf algebra exact sequences. Recall that a sequence of Hopf algebra maps
is called exact if the following conditions hold:
(1) i is injective and p is surjective,
Assume we have a sequence (2.1). If H is faithfully flat over K (in particular if H is finite dimensional), then (1), (2) and (3) imply (4) . On the other hand, if H is faithfully coflat over H, then (1), (2) and (4) imply (3) . See e.g. [1] .
We shall say that the Hopf algebra map p : 
Proof. Let I = ker p. Then I is a coideal of H of finite codimension. Since p is cocentral by assumption, then I is left and right conormal. Also, K = H co p = co p H is a Hopf subalgebra of H, and thus we have a sequence of Hopf algebra maps (2.1), that satisfies (1), (2) and (4 
for all h, x ∈ H. If K ⊆ H is a normal Hopf subalgebra, then the ideal HK + is a Hopf ideal and the canonical map H → H := H/HK + is a Hopf algebra map. Hence, if H is faithfully flat over K, there is an exact sequence (2.1) where all maps are canonical. A Hopf algebra is said to be simple if it has no proper normal Hopf subalgebra.
Suppose, from now on, that H is finite dimensional. Then the exact sequence above is cleft and H is isomorphic to a bicrossed product H ≃ K# τ σ H, for appropriate compatible data. The exact sequence (2.1) is called abelian if K is commutative and H is cocommutative. In this case K ≃ k N and H ≃ kF , for some finite groups N and F ; in particular, H is semisimple.
As explained in [29, Section 4] such an extension is determined by a matched pair (F, N ) with respect to compatible actions ⊲: N × F → F and ⊳: N × F → N , and 2-cocycles σ : kF ⊗ kF → (k N ) × and τ : kN ⊗ kN → (k F ) × , subject to appropriate compatibility conditions. For a fixed matched pair (F, N ), the isomorphism classes of extensions k → k N → H → kF → k, or equivalently, the equivalence classes of pairs (σ, τ ), form an abelian group that we shall denote Opext(k N , kF ).
Since they will appear later on in this paper, we recall here the explicit formulas for the multiplication, comultiplication and antipode in the bicrossed product k N τ # σ kF representing the class of (σ, τ ) in Opext(k N , kF ):
(e s #x)(e t #y) = δ s⊳x,t σ s (x, y) e s #xy, (2.2)
for all s, t ∈ N , x, y ∈ F , where σ s (x, y) = σ(x, y)(s) and τ x (s, t) = τ (s, t)(x).
Remark 2.2. Suppose that the action ⊲: N × F → F is trivial. Then it follows from formula (2.3) that the subspaces R x := k N #x are subcoalgebras of H = k N τ # σ kF and we have a decomposition of coalgebras H = ⊕ x∈F R x . Moreover, in this case, τ x : N × N → k × is a 2-cocycle on N and, as coalgebras, k N #x ≃ (k τx N ) * , where k τx N denotes the twisted group algebra.
2.2.
Type of a cosemisimple Hopf algebra. For a Hopf algebra H we shall denote by H-comod the tensor category of its finite dimensional (right) comodules.
Let H be a finite dimensional cosemisimple Hopf algebra over k. As a coalgebra, H is isomorphic to a direct sum of full matrix coalgebras
If we have an isomorphism as in (2.5), we shall say that H is of type (1, n; d 1 , n 1 ; . . . ; d r , n r ) as a coalgebra. If H * , which is also cosemisimple, is of type (1, n; d 1 , n 1 ; . . . ) as a coalgebra, we shall say that H is of type (1, n; d 1 , n 1 ; . . . ) as an algebra.
So that H is of type (1, n; d 1 , n 1 ; . . . ; d r , n r ) as a (co-)algebra if and only if H has n non-isomorphic one-dimensional (co-)representations, n 1 nonisomorphic irreducible (co-)representations of dimension d 1 , etc.
By an irreducible character χ ∈ H, we shall mean the character χ = χ V of an irreducible corepresentation V of H. Hence, χ V is a cocommutative element of H, such that f (χ) = Tr V (f ), for all f ∈ H * , regarding V as an irreducible representation of H * . The dimension of V will be called the degree of χ, denoted deg χ. Every irreducible character χ ∈ H is contained in a unique simple subcoalgebra. If this subcoalgebra is isomorphic to
Suppose H is of type (1, n; d 1 , n 1 ; . . . ; d r , n r ) as a coalgebra. It follows from the Nichols-Zoeller Theorem [39] , that n divides both dim H and n i d 2 i , for all i. Moreover, if d i = 2 for some i, then the dimension of H is even [38] . Also, by [54] , if n = 1, then {d i : d i > 1} has at least three elements.
2.3. The adjoint subcategory. Let C be a k-linear abelian semisimple tensor category over k. Recall from [14, 8.5.] that the adjoint subcategory C ad is the full subcategory generated by the simple components of V ⊗ V * , where V runs over the set of (isomorphism classes of) simple objects of C.
Suppose C = Rep H is the fusion category of finite dimensional representations of H, where H is a semisimple (hence finite dimensional) Hopf algebra over k.
In this case there exists a unique maximal central Hopf subalgebra K of H, such that C ad = Rep H ad , where H ad = H/HK + is the corresponding quotient Hopf algebra. Moreover, one has K = k U (C) , where U (C) is the universal grading group of C. See [18, Theorem 3.8] . In particular, there is a central extension of Hopf algebras
There is also a dual construction associated to the category H − comod, for H cosemisimple. Indeed, the Hopf subalgebra H coad of H determined by
Note that the notion of simplicity of a finite dimensional Hopf algebra is self-dual. As a consequence of the above, we get the following lemma: Lemma 2.3. Suppose H is simple and not commutative. Then
In other words, if H is simple, then H is generated as algebra by the simple subcoalgebras appearing in the decomposition of CS(C), where C runs over the simple subcoalgebras of H.
, where C ⊆ H is the simple subcoalgebra containing χ.
Proof. We have k[CS(C)] ⊆ H coad . The faithfulness assumption on χ means that H = k[C] and for every irreducible character λ of H, using the assumption χχ * = χ * χ, there exist nonnegative integers m and p such that λ appears with positive multiplicity in χ m (χ * ) p . Hence λ * appears with positive multiplicity in χ p (χ * ) m (since H is cosemisimple, we have χ * * = χ). Thus λλ * appears with positive multiplicity in χ m+p (χ * ) m+p . Then λλ * ∈ k[CS(C)]. Since this holds for any irreducible character λ, we get H coad ⊆ k[CS(C)] and the lemma follows.
On a theorem of Nichols and Richmond
In this section we aim to give a proof of our most general result on finite dimensional cosemisimple Hopf algebras with a simple comodule of dimension 2, strengthening, in this context, the Nichols-Richmond Theorem [38] . The proof is based on the algebraic generalization of some well known results in the theory of compact quantum groups [2, 3] .
3.1. Comodule algebras of dimension 4. Let V be a finite dimensional H-comodule. Then End V ≃ V ⊗ V * is an H-comodule algebra with the diagonal coaction of H and multiplication given by composition. 
Suppose H is cosemisimple and S 2 = id. Let V ≇ k be a simple (hence finite dimensional) H-comodule, and decompose V ⊗ V * = k ⊕ W , where W ⊆ V is an H-subcomodule. Then we have W = ker Tr.
Indeed, the restriction Tr | W is an H-comodule map. Therefore Tr
The following result is related to the computation of the compact quantum symmetry group of the 2 × 2 complex matrix algebra given in [3] . Proof. Let ρ : A → A ⊗ H be the H-comodule structure on A. Consider the basis of A consisting of the unit quaternions
These satisfy the following multiplication rules:
= −e 0 , 1 ≤ i ≤ 3, e 1 e 2 = e 3 , e 2 e 3 = e 1 , e 3 e 1 = e 2 . Moreover, {e 1 , e 2 , e 3 } forms a basis of W , the kernel of the trace map Tr :
Since by assumption, this is an H-subcomodule of A, then we can write ρ(e 0 ) = e 0 ⊗ 1 and
for all 1 ≤ i ≤ 3, where x ij ∈ H. In particular, x ij , 1 ≤ i, j ≤ 3, generate the subalgebra k[C A ]. We have moreover,
The map W ⊗ W → k, e i ⊗ e j → δ ij , is H-colinear since it is the composition of H-colinear maps
Hence we see that the matrix (x ij ) is orthogonal, and we have S(x ij ) = x ji , 1 ≤ i, j ≤ 3 (see Section 4 for details). Since ρ is an algebra map, it must preserve the relations (3.1). The relations ρ(e i ) 2 = −e 0 ⊗ 1, 1 ≤ i ≤ 3, amount to
for all i = 1, 2, 3. This means that the matrix coefficients in a given column commute pairwise. Using the antipode, we get
and thus the matrix coefficients in a given row commute pairwise.
The remaining relations (3.1) amount to
where 1 ≤ i = j ≤ 3, 1 ≤ l = t ≤ 3. Here, lt ∈ {1, 2, 3} is such that {l, t} ∪ { lt } = {1, 2, 3}, if l = t, and the sign in the right hand side of (3.3) is determined by i and j.
We know that the coefficients x ij commute with each other, provided they belong to the same column or to the same row of the matrix (x ij ).
Suppose 1 ≤ i = j ≤ 3, 1 ≤ l = t ≤ 3, and consider the matrix coefficients x lj , x ti . In view of (3.3), we may write ±x lj = x lt i x t ij − x t ij x lt i . Thus the matrix coefficient x lj also commutes with x ti . Together with the above remarks, this shows that k[x ij | 1 ≤ i, j ≤ 3] is a commutative Hopf subalgebra.
Furthermore, the orthogonality of the matrix (x ij ) and equations (3.3) for the pairwise commuting elements x ij , give the defining relations for
, therefore determining a unique algebra map
Because of formula (3.2), this map is a bialgebra map, whence a Hopf algebra map. Thus
, where Γ ⊆ PSL 2 (k) is an algebraic subgroup, as claimed.
3.2.
The Hopf algebra H(n). Let n ≥ 2. Let H(n) be the algebra presented by generators a ij , b ij , 1 ≤ i, j ≤ n, and relations
where A and B denote, respectively, the matrices (a ij ) and (b ij ), and I is the n × n identity matrix.
The algebra H(n) has a Hopf algebra structure with multiplication, counit and antipode given, respectively, by
The Hopf algebra H(n) coincides with the universal cosovereign Hopf algebra H(I n ), introduced in [5] (when k = C, it is the Hopf * -algebra associated with Wang's universal compact quantum group in [52] ). It is cosemisimple by [8] , with S 2 = id. The n-dimensional vector space V with basis (e i ) 1≤i≤n has a natural H(n)-comodule structure α : V → V ⊗ H(n), where α(e i ) = n j=1 e j ⊗ a ji , 1 ≤ i ≤ n. Moreover, for any Hopf algebra H with S 2 = id, and H-comodule α : V → V ⊗ H, of dimension dim V = n, there exist an H(n)-comodule structure α ′ : V → V ⊗ H(n), and a unique Hopf algebra map f :
Consider the Hopf subalgebra H + (2) of H(2) generated, as an algebra, by all products a ij b tl , 1 ≤ i, j, t, l ≤ 2. The following result is the algebraic generalization of a result proved in [2] (Theorem 5) in the compact quantum group framework. This proof given here is simpler.
Proof. Let V be the standard 2-dimensional H(2)-comodule. Keep the notation in the proof of Proposition 3.2. The subalgebra H + (2) coincides with the subalgebra k[C A ]. We have S 2 = id in H(2). Consider the surjective
On the other hand, there is a natural Hopf algebra inclusion
The map g defines an inverse of f . Thus f is an isomorphism and we are done.
3.3.
The finite dimensional case. Let H be a finite dimensional Hopf algebra. Since k has characteristic zero, then H satisfies S 2 = id if and only if H is cosemisimple, if and only if H is semisimple [25] .
We shall use these facts together with Proposition 3.2 to prove a refinement of [38, Theorem 11] in the finite dimensional context. See Theorem 1.1.
Recall that a finite subgroup of PSL 2 (k), called a polyhedral group, is up to isomorphisms, one in following list.
(i) The cyclic group Z n , n ≥ 1; (ii) the dihedral group D n , of order 2n, n ≥ 2; (iii) the group T of symmetries of the regular tetrahedra, of order 12; (iv) the group O of symmetries of the regular octahedra, of order 24; (v) the group I of symmetries of the regular icosahedra, of order 60.
The Hopf algebra k Zn ≃ kZ n is cocommutative. For the other subgroups Γ, the coalgebra types of k Γ are the following:
(1, 1; 3, 2; 4, 1; 5, 1).
Proof of Theorem 1.1. Let V be the simple 2-dimensional comodule corresponding to C.
is an H-comodule algebra. Since H is finite dimensional and cosemisimple, then S 2 = id. By Remark 3.1, the trace map Tr : A → k is H-colinear. Applying Proposition 3.2, we get that k[C A ] ⊆ H is a commutative Hopf subalgebra of H isomorphic to k Γ , where Γ is a finite subgroup of PSL 2 (k). Since A = V ⊗ V * as H-comodules, the subcoalgebra C A coincides with CS(C).
It remains to show that Γ is a non cyclic subgroup, which will ensure, in view of the above list, that it has even order. So assume that Γ = g , where g ∈ PSL 2 (k) has finite order. Let M ∈ SL 2 (k) be a matrix representing g: it follows from the fact that g has finite order that M is diagonalisable, and hence the conjugation action of M on A = V ⊗ V * has at least two trivial subrepresentations, which contradicts the fact that V is a simple Hcomodule (since the category of k[C A ]-comodules is a full subcategory of the category of H-comodules).
Consider now the subgroup G[χ], where χ ∈ C is the character of V . Then we see, by examining the decomposition of V ⊗ V * into a direct sum of irreducibles, that |G[χ]| = 1, 2 or 4. More precisely we have
The reader will easily check the details (see [38] , Theorem 10, for this kind of reasoning). The proof of the last statement of Theorem 1.1 now follows from the coalgebra types of k Γ , listed above. 
3.4.
A special situation. We use the previous considerations to attach an exact sequence to a cosemisimple Hopf algebra having a faithful comodule of dimension 2, in a special situation. The precise result is the following one.
Recall from [22, 4 .1] that the order of an H-comodule V is the smallest natural number n such that V ⊗n contains the trivial H-comodule. For instance, if V is self-dual and nontrivial, then the order of V equals 2. Proof. The universal property of H(2) yields a surjective Hopf algebra map H(2) → H. Denote by H + the image of H + (2) in H. We know from Theorem 1.1 and its proof that H + ≃ k Γ for a polyedral group Γ of even order. If C is the coalgebra corresponding to V , we have H coad = k[CS(C)] = H + by Lemma 2.4, and hence the exact sequence (2.6) gives a cocentral exact sequence
for a (finite) group M . It remains to check that the group M is cyclic. We have kM ≃ H/(H + ) + H, and hence it is enough to check that H/(H + ) + H is the group algebra of a cyclic group. For notational simplicity, the elements a ij , b ij of H (2) are still denoted by the same symbol in H/(H + ) + H. In H/(H + ) + H, we have
Hence if i = j, we have a ij = a ij a ii b jj = 0, and the elements a ii are grouplike, and they generate M . We have moreover a ii = a ii b jj a jj = a jj , and hence M is cyclic.
Let now N be the order of
Hence a N = 1, and since m equals the order of a, then m divides N , as claimed.
Remark 3.6. The assumption of the previous theorem holds if H is coquasitriangular, or if V ≃ V * . The self-dual situation is studied in the next sections; we have in this case m ≤ 2. 
is an algebraic subgroup and M is a cyclic group. Note however that in the infinite dimensional situation, the Hopf algebra H will not necessarily be a crossed product, because H is not necessarily free as a left (or right) module over its Hopf subalgebra O[G] [44, 53] .
Hopf algebras with a self-dual faithful comodule
In this section we discuss general results for Hopf algebras having a faithful self-dual comodule.
4.1. The Hopf algebra of a nondegenerate bilinear form. Let n ≥ 2 and let E ∈ GL n (k). Let B(E) be the algebra presented by generators a ij , 1 ≤ i, j ≤ n, and relations
where A denotes the matrix (a ij ) and I is the n × n identity matrix. There is a Hopf algebra structure on B(E) with multiplication, counit and antipode given, respectively, by
The Hopf algebra B(E) was introduced in [12] as the quantum group of a nondegenerate bilinear form. The n-dimensional vector space V = V E with basis (e i ) 1≤i≤n has a natural B(E)-comodule structure α :
Moreover, B(E) is universal with respect to this property. Namely, for any Hopf algebra H and H-comodule V of finite dimension such that β : V ⊗ V → k is a nondegenerate H-invariant bilinear form, then V is a B(E)-comodule, where E ∈ GL n (k) is any matrix associated to β. In this case, β is a B(E)-comodule map and there exists a unique Hopf algebra map f : B(E) → H such that (id ⊗f )α = α ′ , where α and α ′ are the coactions on V of B(E) and H, respectively.
For an H-comodule V , the existence of a nondegenerate H-invariant bilinear form on V means exactly that V is self-dual, that is, V * ≃ V as H-comodules. This is also equivalent to S(C) = C, where C ⊆ H is the subcoalgebra spanned by the matrix coefficients of V .
Isomorphism classes of the Hopf algebras B(E) are classified by the orbits of the action of GL n (k) on itself defined by G.E = t GEG, G, E ∈ GL n (k). More precisely, it is shown in [7, Theorem 5.3] that for E ∈ GL n (k), F ∈ GL m (k), the Hopf algebras B(E) and B(F ) are isomorphic if and only if n = m and E and F are conjugated under the action of GL n (k).
Our motivation for studying the Hopf algebras B(E) is the following basic result. Proof. The first assertion follows from the previous discussion and the universal property of B(E). The second one follows from the Frobenius-Schur theorem for cosemisimple Hopf algebras with S 2 = id [6] , and the third one follows from the second one and the fact that a semisimple Hopf algebra is automatically cosemisimple and with S 2 = id [25] (one may also use directly the Frobenius-Schur theorem for semisimple Hopf algebras from [26] ). 
Exact sequences attached to quotients of
] be the subalgebra generated by L 2 , and B − (E) be the subspace of odd powers of L. Then B + (E) is a Hopf subalgebra, B − (E) is a subcoalgebra, and there is a Z 2 -algebra grading B(E) = B + (E) ⊕ B − (E) (the fact that the sum is direct follows from the Z 2 -action constructed in proof of the next result).
Proposition 4.3. The Hopf algebra B + (E) is a normal Hopf subalgebra of B(E) and there is a cocentral exact sequence of Hopf algebras
Proof. It is easy to check the existence of a Hopf algebra map ζ : B(E) → kZ 2 be defined by ζ(a ij ) = δ ij g, where 1 = g ∈ Z 2 . The relation ζ(x 1 )⊗x 2 = ζ(x 2 ) ⊗ x 1 is clearly satisfied for x = a ij , 1 ≤ i, j ≤ n. Since these generate B(E), we get that the map ζ is cocentral.
The Hopf algebra map ζ induces a Z 2 -action on B(E), given by g.a ij = −a ij . It is then clear that B + (E) = B(E) Z 2 = B(E) coζ , and we have our exact sequence by Lemma 2.1. Now let B(E) → H be a Hopf algebra quotient. We denote by H + the image of B + (E) in H, this is the subalgebra of H generated by the coefficients of V ⊗2 . 
is defined by the same formula as the map ζ in the proof of the previous proposition, and one concludes in a similar manner.
Remark 4.5. We gave the direct (easy) proofs for the exact sequences in the previous propositions. These exact sequences are special cases of (2.6). 
where q is a root of the polynomial X 2 + Tr(E t E −1 )X + 1. The equivalence sends the standard
We shall assume in this subsection that the roots of the polynomial X 2 + Tr(E t E −1 )X + 1 are generic. In this case recall that O q [SL 2 (k)]-comod is a semisimple tensor category whose simple objects are represented by the comodules (U n ) n≥0 , where dim U n = n+1 (in particular, U 0 = k and U 1 = U is the standard 2-dimensional comodule). These obey the following fusion rules:
Consider the full abelian subcategories C + , respectively C − , whose simple objects are (U i ) i even , respectively (U i ) i odd . The fusion rules (4.2) imply that C = C + ⊕ C − is a faithful Z 2 -grading on C. In particular, C + is a tensor subcategory of C. See [41, p. 7] . Lemma 4.6. C + = C ad is the tensor subcategory of C generated by U 2 .
In particular, since
Proof. It is clear.
Let C E denote the category of finite dimensional B(E)-comodules. The equivalence (4.1) has the following corollary.
ad is the full tensor subcategory generated by the simple comodule V E 2 . Moreover B ± (E) − comod = C E ± . Proof. The first assertion follows from the equivalence (4.1). The adjoint category C E + = C E ad is the category of corepresentations of a Hopf subalgebra B of B(E). Indeed, it follows from the first assertion that B is the subalgebra generated by the matrix coefficients of the simple comodule V E 2 . In view of the relation
2 , B coincides with the subalgebra of B(E) generated by the products a ij a kl , 1 ≤ i, j, k, l ≤ n; that is, B = B + (E). Similarly, B − (E) − comod = C E − . In the next proposition we shall consider the one-parameter deformation of SO 3 (k) as studied by Takeuchi in [50] . See also [16, 42] .
We use here the notation O q 2 [SO 3 (k)] to indicate the Hopf algebra denoted A q 2 (3) in [50] .
Proposition 4.8. There is an isomorphism of Hopf algebras
. Therefore the equivalence (4.1) restricts to an equivalence of tensor categories
Recall that in (4.1) q is a root of the polynomial X 2 + Tr(E t E −1 )X + 1, and we are assuming that q is generic.
Proof. Note that
, where E q is the 2 × 2-matrix defined by (E q ) 11 = (E q ) 22 
is the Hopf subalgebra generated by the products
Since the parameter q is generic by assumption, there is an injective Hopf algebra map f : [11] . Furthermore, in view of the definition of f in [50] , the image of f coincides with
Finally, note that the equivalence (4.1), being an equivalence of tensor categories, must preserve the adjoint subcategories. Then it induces by restriction the equivalence (4.3). This finishes the proof of the proposition. Proposition 4.9. Let C be the tensor category of finite dimensional Hcomodules, where H is a semisimple Hopf algebra having a self-dual faithful simple comodule V . Then there is a Z 2 -grading C = C + ⊕ C − , where C + = C ad . Moreover, C + is the full tensor subcategory generated by the simple constituents of V ⊗2 and C + = H + − comod.
Proof. We have a surjective Hopf algebra map f : B(E) → H. This induces a dominant tensor functor F : C E → C. Therefore, in view of Corollary 4.7,
it is clear that C + is generated by the simple constituents of V ⊗2 , whence, by definition, C + = C ad = H + − comod.
Remark 4.10. Consider the dominant tensor functor F : C E → C in the proof of Proposition 4.9. In view of the equivalences (4.1) and (4.3), F gives rise to dominant tensor functors
for an appropriate choice of the (generic) parameter q ∈ k × . 5. The 2 × 2 case 5.1. Classification of B(E)'s. In the 2 × 2 case, the orbits of the GL 2 (k)-action are represented by one the matrices
Moreover, the matrices E q and E q ′ belong to the same orbit if and only if
Hence in this case the Hopf algebra B(E) is isomorphic to exactly one of the Hopf algebras in the following list:
( 
. Suppose that the matrix E is symmetric (respectively, skewsymmetric). Then the Hopf algebra B(E) is isomorphic to
The corollary implies that the Hopf algebras B(E m ) and O q [SL 2 (k)], q = ±1, have no nontrivial finite dimensional quotient Hopf algebra.
Example 5.2. Let H be a finite dimensional Hopf algebra and let C ⊆ H be a simple subcoalgebra such that dim C = 4 and S(C) = C. Suppose that the Hopf subalgebra k[C] is not semisimple. Then the order of S 2 | C is an integer m > 1 [25] . The assumptions imply that there is a Hopf algebra map B(E) → H, whose image is k[C], for some E ∈ GL 2 (k). Since k[C] is not cosemisimple, then B(E) ≃ O q (SL 2 (k)), for some root of unity q ∈ k × , q = ±1.
This fact was proved by Stefan in [46, Theorem 1.5], and then it was used in the classification of Hopf algebras of low dimension [46, 35] . Note that when q is a root of unity of odd order, O q (SL 2 (k)) contains a central Hopf subalgebra A ≃ O (SL 2 (k) ). This gives a central Hopf subalgebra A ⊆ k[C], such that the quotient H/HA + is dual to a pointed Hopf algebra.
The following corollary gives the classification of cosemisimple Hopf algebras satisfying condition (4) in the Nichols-Richmond Theorem [38] under the assumption that the simple 2-dimensional comodule is self-dual and faithful.
Corollary 5.3. Let H be a cosemisimple Hopf algebra. Suppose H has a family {C n : n ≥ 1} of simple subcoalgebras such that dim C n = n 2 , satisfying, for all n ≥ 2,
Assume in addition that
, where C = C 1 , and S(C) = C. Then H is isomorphic to one of the Hopf algebras
Proof. Let G(H * ) denote the Grothendieck ring of the category of finite dimensional H-comodules. The assumption H = k[C] implies that G(H * ) is spanned by the irreducible characters χ i corresponding to the simple subcoalgebras C i , i ≥ 1. The assumption also implies that there is a surjective Hopf algebra map f : B(E) → H, for some E ∈ GL 2 (k), such that f (C) = C, where C ⊆ B(E) is the simple subcoalgebra corresponding to the standard 2-dimensional corepresentation V of B(E). Furthermore, f induces an isomorphism between the Grothendieck rings. Then f is an isomorphism, by [ The i, j coefficient of the matrix a b c d (respectively, x y z t ) will be alternatively denoted by a ij (respectively, x ij ), 1 ≤ i, j ≤ 2.
The algebra A has a Hopf algebra structure with comultiplication, counit and antipode determined by the formulas There is a Z 2 × Z 2 -algebra grading on A (respectively, on A), such that a, d (respectively, x, t) have degree (1, 0), and b, c (respectively, y, z) have degree (0, 1). Associated to this grading, there is a deformed product in A, defined in the form
for homogeneous elements u, v ∈ A, of degrees (i, j) and (k, l), respectively. See [51, Section 15] . This defines an associative product which makes (A, ) into a Z 2 × Z 2 -graded algebra with the same unit as A. Moreover, there is an isomorphism of graded algebras λ : (A, ) → A, determined by λ(x ij ) = a ij , 1 ≤ i, j ≤ 2. The vector space isomorphism underlying λ is furthermore a coalgebra isomorphism [51, Proposition 15.1].
We have λ(A ± ) = A ± . Moreover, the product in A + ⊆ A coincides with the deformed product , since A + sits in degrees (0, 0) and (1, 1) . Hence the restriction of λ induces a canonical Hopf algebra isomorphism A + → A + .
Recall that, by Proposition 4.3, A + is a normal Hopf subalgebra of A, and we have a short exact sequence of Hopf algebras k → A + → A ζ → kZ 2 → k, where the map ζ : A → kZ 2 is determined by ζ(a ij ) = δ ij g, 1 = g ∈ Z 2 .
Proposition 5.5. λ induces a commutative diagram with exact rows
Proof. The proof is straighforward.
Remark 5.6. The Z 2 -gradings A = A + ⊕A − and A = A + ⊕A − are associated to the Z 2 -coaction arising from the Hopf algebra surjection ζ ′ : A → kZ 2 , respectively, ζ : A → kZ 2 . Moreover, λ : A → A is a Z 2 -graded map.
On the other hand, we have 0) ⊕ A (0,1) . This can be seen using that the set
forms a basis of the algebra A, and similarly for A. See [24] . Suppose J ⊆ A is a Z 2 -homogeneous ideal of A, that is, J is an ideal and J = J + ⊕ J − , where J ± = J ∩ A ± . Then it follows from the definition of the product that (J , ) is an ideal of (A, ). Therefore, J = λ −1 (J ) is a Z 2 -homogeneous ideal of A.
Finite quantum subgroups of
. Let H be a nontrivial (i.e. non commutative) finite dimensional quotient Hopf algebra of
In particular, H is semisimple and cosemisimple.
Proposition 5.7. The Hopf algebra H fits into an abelian cocentral exact sequence
where Γ is a finite subgroup of even order of PSL 2 (k). The adjoint Hopf subalgebra H coad is commutative and isomorphic to k Γ .
Proof. Since H is not commutative and H + is, the exact sequence follows from Proposition 4.4. The Hopf algebra H coad is determined by H coad − comod = (H − comod) ad , and we have (H − comod) ad = H + − comod by Proposition 4.9. Hence
Remark 5.8. Another way to prove the proposition is to use Theorem 3.5.
Since the extension (5.4) is cocentral, the proposition implies that H * has a central group-like element of order 2.
Remark 5.9. Consider another quotient Hopf algebra A → H ′ , giving rise to an exact sequence k → k Γ ′ → H ′ → kZ 2 → k, as in Proposition 5.7. Assume that H ≃ H ′ as Hopf algebras. Then Γ ≃ Γ ′ and this exact sequence is isomorphic to (5.4).
Proof. By construction, we have k Γ = H coad and k Γ ′ = H ′ coad . Therefore a Hopf algebra isomorphism H → H ′ must restrict to an isomorphism k Γ → k Γ ′ . Then it induces an isomorphism of the corresponding exact sequences.
As explained in Subsection 2.1, the extension (5.4) is determined by an action of Z 2 on Γ, or in other words, by a group automorphism θ of order 2, and a pair (σ, τ ) of compatible cocycles.
By Remark 5.9, this data determines the isomorphism class of H which is that of a bicrossed product k Γτ # σ kZ 2 .
Remark 5.10. Since Z 2 is cyclic, we may apply [34, Lemma 1.2.5] to the dual extension k Z 2 σ # τ kΓ, whence we get that the class of σ is trivial in
By [29, Proposition 5.2], after eventually changing the representative of the class of τ in H 2 (Γ, (k Z 2 ) × ), we may assume that σ = 1. This can be seen alternatively, applying [27, Theorem 4.4] .
The automorphism θ and the class of τ will be explicitly determined in Lemmas 5.17 and 5.15, respectively.
Recall that a finite Hopf algebra over the field of complex numbers is called a Kac algebra if it is a C * -algebra and all structure maps are C * -algebra maps. 
Furthermore, we have Z( Γ) ≃ Z 2 . A binary dihedral 2-group is also called a generalized quaternion group. There are isomorphisms T ≃ SL(2, 3), I ≃ SL(2, 5) [9] , [48, Theorem 6.17] . We shall denote by ω ∈ H 2 (Γ, Z 2 ) the nontrivial cohomology class arising from the central extension (5.5).
Remark 5.14. For the finite subgroups of PSL 2 (k) listed before, we have Recall that such an extension is determined by a group automorphism θ ∈ Aut Γ of order 2, and an element of the group Opext(k Γ , kZ 2 ) associated to θ.
Let α ij = π(a ij ), 1 ≤ i, j ≤ 2, denote the image in H of the standard generators of A. Thus the α ij 's span the simple subcoalgebra C of H such that
Let also p : H → kZ 2 denote the (cocentral) Hopf algebra map with k Γ ≃ H co p ⊆ H, and p(a ij ) = δ ij x, where 1 = x ∈ Z 2 .
Lemma 5.15. There is an isomorphism of coalgebras
Identifying Z 2 ≃ Z 2 , the class of the cocycle τ : Γ × Γ → (k Z 2 ) × arising from the exact sequence (5.4) is determined by 
where commutativity of the bottom right square follows from the construction of the exact sequence in the proof of Proposition 4.4. In particular, π is a Z 2 -graded map with respect to the canonical Z 2 -gradings on A and H.
Letting J ⊆ A denote the kernel of π, it follows that J is a Z 2 -homogeneous ideal. Then, by Remark 5.6, λ −1 (J ) = J is an ideal of A. Moreover, J is also a coideal of A, since λ is a coalgebra isomorphism.
Since the composition πλ : A → H is surjective, this allows us to identify H ≃ k S as coalgebras, where S ⊆ SL 2 (k) is a finite subset. By the above, λ −1 (J ) is a Hopf ideal of A. Then k S is a quotient Hopf algebra of A, that is, S is a subgroup of SL 2 (k). Commutativity of the diagram (5.7) implies that S is isomorphic to the binary polyhedral group associated to Γ. Since S ≃ Γ, then S fits into an exact sequence (5.5), and thus S can be identified with Z 2 × Γ with the product given, for s, t ∈ Γ, x, y ∈ Z 2 , by the formula (x, s)(y, t) = (xyω 0 (s, t), st),
Comparing this expression with formula (2.3), we obtain formula (5.6) for τ . This finishes the proof of the lemma.
Remark 5.16. In view of Lemma 5.15, the Hopf algebras H can be regarded as 'deformations' of the binary polyhedral groups Γ. Observe that, since every Sylow subgroup of Γ is either generalized quaternion or cyclic, then Γ does not admit cocycle deformations. Indeed, by the classification of (dual) cocycle deformations in [33, 10] , such deformations are classified by pairs (S, α), where S is a subgroup and α is a nondegenerate 2-cocyle on S. In particular, the order of S is necessarily a square. For the reason we mentioned, Γ contains no nontrivial such subgroup which admits a nondegenerate 2-cocycle.
Let ρ : Γ → GL(V ) be a finite dimensional projective representation of Γ on the vector space V . Recall that a factor set of ρ is a 2-cocycle
for all s, t ∈ Γ. Under linear equivalence, the classes of projective representations with a given factor set α correspond to isomorphism classes of representations of the twisted group algebra k α Γ.
In particular, if ρ, ρ ′ are projective representations on the vector space V , and X, X ′ ⊆ k Γ are the subspaces of matrix coefficients of ρ and ρ ′ , respectively, then ρ is linearly equivalent to ρ ′ if and only if X = X ′ .
In contrast with the notion of linear equivalence, there is a notion of projective equivalence. Projectively equivalent representations may give rise to factor sets differing by a coboundary. They correspond to isomorphic (linear) representations, when lifted to the representation group.
Let τ be the 2-cocycle determined by (5.6). That is, τ p ∈ Z 2 (Γ, k × ) is a 2-cocycle representing the class of p • ω, where 1 = p ∈ Z 2 . Since |H 2 (Γ, k × )| ≤ 2, we may and shall assume in what follows that τ −1 p = τ p . Suppose ρ is a projective representation of Γ with factor set τ p , that lifts to a self-dual representation of the group Γ, that is, such that ρ * is projectively equivalent to ρ. Since τ −1 p = τ p , then ρ * is indeed linearly equivalent to ρ. In particular, if X ⊆ k Γ is the subspace of matrix coefficients of ρ, then we have S(X) = X. Proof. We shall identify Z 2 ≃ Z 2 in what follows. Let H ≃ k Γτ #kZ 2 , affording the automorphism θ ∈ Aut(Γ) of order 2. Since H is a quotient
In view of Remark 2.2, C = X#p, where X is identified with a 4-dimensional simple subcoalgebra of the twisted group algebra (k τp Γ) * . Let ρ be the irreducible projective representation corresponding to X. In view of Lemma 5.15, under the canonical coalgebra isomorphism H → k e Γ , C corresponds to a self-dual faithful irreducible representation of Γ that lifts the projective representation ρ. Thus ρ is a faithful self-dual projective representation. Moreover, since τ p = τ −1 p , then ρ * is linearly equivalent to ρ; that is, S(X) = X in k Γ .
Recall that the action of p ∈ Z 2 on Γ is given by the automorphism θ. In view of formula (2.4) for the antipode of H, condition S(C) = C implies that that p.X = S(X) = X, where . : kZ 2 ⊗ k Γ → k Γ is the action transpose to ⊳. This amounts to the condition that ρ • θ be linearly equivalent to ρ.
Indeed, p.X is the span of matrix coefficients of the projective representation ρ • θ of Γ. On the other hand, if c = x#p ∈ C, then, in view of formula (2.4) for the antipode of H, we have
and the last expression belongs to p.S(X)#p = p.X#p. Hence S(C) = C, if and only if, p.X = X, if and only if, ρ • θ is linearly equivalent to θ.
Conversely, suppose given such θ and ρ. Let 1 = p ∈ Z 2 . We have in particular, θ * (τ p ) = τ −1 p . This implies that (1, τ ) is a pair of compatible cocycles, thus giving rise to a Hopf algebra H = k Γτ #kZ 2 .
Let X ⊆ k Γ be the span of the matrix coefficients of the 2-dimensional selfdual faithful irreducible projective representation ρ, and let C = X#p ⊆ H.
By assumption, ρ • θ is linearly equivalent to ρ. Since the action of p ∈ Z 2 on Γ is given by the automorphism θ, this implies that p.X = X, where . : kZ 2 ⊗ k Γ → k Γ is the action transpose to ⊳. Hence, as before, formula (2.4) for the antipode of H implies that S(C) = C. Similarly, formula (2.2) for the multiplication implies that k[C] = H. Since H is not commutative, then H must be a quotient of O −1 [SL 2 (k)]. This finishes the proof of the lemma.
Let us recall from [31] some properties of the nontrivial Hopf algebras A 4n and B 4n constructed there.
Consider the presentation of the dihedral group D n by generators s + and s − satisfying the relations
Both H = A 4n and H = B 4n are extensions k → k Z 2 → H → kD n → k associated to the matched pair (k Z 2 , kD n ), where the action of Z 2 on D n is given by
We 
Suppose that Γ is one of the groups
In the first two cases we have Aut Γ ≃ S 4 , while Aut A 5 ≃ S 5 . In all cases, the automorphims θ of order 2 of Γ are induced by the adjoint action of a transposition (. .), or a product of two disjoint transpositions (. .)(. .), viewed as elements in the corresponding symmetric group.
Consider the case where Γ = A 4 . In this case, k τp Γ has exactly 3 irreducible representations of degree 2, and only one of them is self-dual: this can be seen from the fact that A 4 is a representation group of A 4 . See [47, Table A .12] for the character table of A 4 , where the self-dual representation is the one with character χ 3 .
Then, in this case, ρ corresponds to χ 3 and it is necessarily stable under all automorphisms θ of A 4 .
Similarly, when Γ = S 4 , every automorphism is inner, and therefore stabilizes all projective representations.
By Lemma 5.17, in the cases Γ = A 4 or S 4 , we have two nonisomorphic associated Hopf algebras with a faithful self-dual comodule of dimension 2. We shall denote the Hopf algebra , by 1, −1, a, a 2 , a 3 , a 4 , b, b 2 and ab. According to [47, Table A .19], A 5 has two nonequivalent irreducible representations of degree 2, whose characters χ and χ ′ are determined, respectively, by the following table: Letting s denote the element π(s), s ∈ A 5 , the classes of A 5 under conjugation are represented by 1 = 1, a = (12345), a 3 , b and ab. We have also that the class of a 3 coincides with the class of (21345).
After composing with a suitable section A 5 → A 5 of π, ρ and ρ ′ define irreducible projective representations ρ and ρ ′ of A 5 , respectively. The projective characters are determined by the following table:
In particular, ρ and ρ ′ are not equivalent. Furthermore, if θ is the automorphism determined by the adjoint action of the transposition (12), then we see from the table above, that χ ′ = χ • θ. This implies the statement on the projective representations in view of [23, Theorem 7.1.11] .
In view of the above lemma and Lemma 5.17, when the automorphism θ corresponds to a transposition in S 5 , the bicrossed product associated to θ has no irreducible self-dual comodule of dimension 2. When θ corresponds to a product of two disjoint transpositions, the automorphism is inner and we have an associated Hopf algebra that we shall denote B[ A 5 ], as before. Consider the case where Γ is one of the groups T , O or I. In view of Lemma 5.17 and the previous discussion, it remains to determine which possible automorphisms θ, θ ′ , give isomorphic Hopf algebras H, H ′ . Since a Hopf algebra isomorphism H → H ′ is an isomorphism of extensions, this is the case if and only if the associated matched pairs are isomorphic, which amounts to the automorphisms θ and θ ′ being conjugated in Aut(Γ).
The case where Γ = D n , n ≥ 2, will be treated separately in Lemma 5.20 . This will imply, as a byproduct, a comparison with the nontrivial examples studied by Masuoka in [31] .
The following facts about fusion rules for the irreducible characters of k Dn , n ≥ 2, will be used in the proof of our next lemma.
If n is odd, k Dn has two irreducible characters 1, a, of degree 1, and r = (n − 1)/2 irreducible characters of degree 2, χ 1 , . . . , χ r , such that
On the other hand, if n is even, k Dn has four irreducible characters 1, a, b, c = ab, of degree 1, and r = n/2 − 1 irreducible characters of degree 2, χ 1 , . . . , χ r , such that (5.10) Proof. In view of previous classification results, we shall assume in the proof that n = 2. That is, we shall not consider the case dim H = 8, where the result is well-known. Formula (2.3) for the comultiplication in H implies that H = (kΓ) * ⊕ (k τp Γ) * , where k τp Γ is the twisted group algebra, and 1 = p ∈ Z 2 . In particular, every irreducible H-comodule has dimension 1 or 2. See [23, Theorem 3.7.3] .
Let χ ∈ C be the irreducible character of C. Then, decomposing χχ * = χ 2 into a sum of irreducible characters, we get |G This implies that aµ = µ = µa, for all irreducible character µ ∈ H coad of degree 2. By assumption, dim H > 8. and taking into account the fusion rules for the irreducible characters in k Dn in (5.9) and (5.10), we may assume that a ∈ k Dn is the only nontrivial group-like element with this property.
Indeed, otherwise, we would have n even and bχ 1 = χ 1 , implying that n = 4. Then dim H = 16 and |G(H)| = 4, thus the lemma follows in this case from [21] .
Hence a must be stable under the action of Z 2 coming from the sequence (5.4), because this is an action by Hopf algebra automorphisms. Hence kG[χ] is a normal (therefore central) Hopf subalgebra of H, as claimed.
Moreover, since aC = C = Ca, and C generates H, then as before H/H(kG[χ]) + is cocommutative. Therefore we get an exact sequence
where F is a group of order 2n. We shall show next that F ≃ D n and the action Z 2 ×F → F associated to the exact sequence (5.11) coincides with (5.8). This will imply the lemma, in view of [31, Proposition 3.11 ].
Denote by π : H → kF the projection in (5.11). We may decompose π(χ) = x + y, where x, y ∈ F . Moreover, since χ is a faithful character, then x and y generate F .
Since χ * = χ, then either x 2 = y 2 = 1 or x = y −1 . If the last possibility holds, then F = x, y would be cyclic, thus implying that H is commutative, against the assumption. Therefore x 2 = y 2 = 1 in F .
On the other hand, we have χ 2 = 1+a+λ, and π(χ 2 ) = x 2 +y 2 +xy+yx = 2.1 + xy + (xy) −1 . Hence π(λ) = xy + (xy) −1 . But the components of π(λ) generate a subgroup of index 2 of F whose group algebra is isomorphic to π(H coad ) = π(k Dn ). Hence xy ≃ Z n . Thus we obtain the relation (xy) n = 1. Hence F ≃ D n .
As in the proof in [31, pp. 209] , the simple subcoalgebra C is a left k asubmodule, and its image in kF is spanned by the group-likes x and y. Then C is a crossed product C = k Z 2 #k{x, y}, and therefore the set {x, y} is an orbit under the action of Z 2 . Letting s + = x, s − = y, we recover the action (5.8) . This finishes the proof of the lemma.
The following lemma gives the degrees of the irreducible representations of H. Proof. As an algebra, H is a smash product k Γ #kZ 2 . Then the irreducible representations of H are of the form W s := Ind H k Γ ⊗kCs s ⊗ U s , where s runs over a set of representatives of the orbits of g in Γ, C s ⊆ Z 2 is the stabilizer of s, and U s is an irreducible representation of C s [32] .
In particular, we have dim
. Hence dim W s = 1 if and only if s ∈ Γ Z 2 . Note in addition that such an automorphism g must have a nontrivial fixed point (otherwise, Γ would be abelian of odd order); whence the claimed inequality for |G(H * )|. Proof. The result is known if Γ = D n , see [31] . Assume now that Γ = T , O or I. It is enough, to describe the fusion rules of H, to describe the product of irreducible characters in H. These are, using the previous notation, of the form χ#1, χ ′ #p, where χ is an ordinary irreducible character of Γ and χ ′ is an irreducible projective character of Γ. In view of the product formula 2.2, we need to describe the action of θ on (projective) characters. If θ is inner (for B 
Applications
In this section we shall give some applications of the main results in previous sections to the classification of semisimple Hopf algebras.
6.1. Semisimple Hopf algebras with character degrees at most 2.
Recall that if C is a simple subcoalgebra of a semisimple Hopf algebra, and χ ∈ C is the irreducible character contained in C, then G[χ] is the subgroup of the group-like elements g such that gχ = χ, or equivalently, such that g appears with positive multiplicity (necessarily equal to 1) in the product χχ * . We shall also denote
We give for completeness the proof of the following lemma that will be used later on. See [36, Lemma 2.4.1].
Lemma 6.1. Let H be a semisimple Hopf algebra and let χ, χ ′ ∈ H be irreducible characters. Then the following are equivalent:
Here m(λ, χχ * ), m(λ, χ ′ (χ ′ ) * ), denote the multiplicity of λ in χχ * and in χ ′ (χ ′ ) * , respectively.
Proof. Let ζ = χ * χ ′ . Then ζ is irreducible if and only if m(1, ζζ * ) = 1. On the other hand, By Theorem 1.1 B[χ] is commutative and, in view of the coalgebra structure of H, isomorphic to k Z 2 ×Z 2 or k Dn , n ≥ 3, for all irreducible character χ of degree 2. In addition, G[χ] = 1, for all such χ.
, for all χ ′ of degree 2, then it is a central Hopf subalgebra of B, because the B[χ ′ ]'s are commutative and generate B as an algebra. Thus it will be enough to show that
Let χ ′ ∈ H be any irreducible character of degree 2. Then the product χ * χ ′ cannot be irreducible, because H has no irreducible character of degree 4. In view of Lemma 6.1, there is an irreducible character λ = 1 that appears with positive multiplicity both in χχ * and in χ ′ (χ ′ ) * . This means, in particular, that the Hopf subalgebra k[λ], generated by the simple subcoalgebra containing λ, is contained in
If deg(λ) > 1, then λ is irreducible of degree 2. In this case we have decompositions χχ * = 1+ g + λ and χ ′ (χ ′ ) * = 1+ g ′ + λ, where 
where F is a finite group, or (ii) There is a cocentral exact sequence k → B → H → kU (C) → k, where B = H coad H, and U (C) is the universal grading group of where B = H coad . We may assume inductively that B is commutative, thus the extension (6.1) is abelian. Hence (6.1) induces an action of U (C) on B by Hopf algebra automorphisms. Moreover, since G(B) = G(H) is of order 2, then U (C) acts trivially on G(B). Then g ∈ Z(H), because H is a crossed product with respect to this action. If H = H coad , then by Theorem 6.4, we have a central abelian exact sequence k → kG(H) → H → kF → k, where F is a finite group. In any case we get that G(H) ⊆ Z(H). Then the proposition follows from [36, Corollary 4.6.8].
6.2. Coalgebra type of a simple Hopf algebra of dimension 60. There are three known examples of nontrivial semisimple Hopf algebras which are simple as Hopf algebras in dimension 60. Two of them are given by the Hopf algebras A 0 and A 1 ≃ A * 0 constructed by Nikshych [40] . We have A 0 = (kA 5 ) J , where J ∈ kA 5 ⊗ kA 5 is an invertible twist lifted from a subgroup isomorphic to Z 2 ⊗ Z 2 .
A third example is given by the self-dual Hopf algebra B constructed in [17] . In this case B = (kD 3 ⊗ kD 5 ) J , where J is an invertible twist lifted from a subgroup isomorphic to Z 2 × Z 2 .
In this subsection we show that A 1 and B are the only nontrivial simple Hopf algebras of dimension 60 with their respective coalgebra type. See Proposition 6.10 and Corollary 6.12.
In view of the coalgebra structure, there must exist irreducible characters χ and χ ′ of degree 2, such that χχ ′ is irreducible of degree 4. Otherwise, the sum of simple subcoalgebras of dimensions 1 and 2 would be a Hopf subalgebra of H of dimension 28, which is impossible. By [36 Suppose that F = Z 2 is the cyclic group of order 2, and let N be a finite group. A matched pair (Z 2 , N ) necessarily has trivial action ⊲, whence the action ⊳: N × Z 2 → N is by group automorphisms.
Let G = N ⋊ Z 2 be the corresponding semidirect product. Note that the restriction map H 2 (N ⋊ Z 2 , k × ) → H 2 (Z 2 , k × ) = 1 is necessarily trivial.
By [49] , there is an exact sequence Proof. To prove the lemma, we shall apply the results of [27] , identifying Opext(k N , kZ 2 ) with the group, denoted H 2 (kZ 2 , k N ) in loc. cit., of classes of compatible cocycles (σ, τ ). Recall that there are subgroups H 2 c (kZ 2 , k N ), H 2 m (kZ 2 , k N ) of Opext(k N , kZ 2 ), which are identified with the subgroup of classes of compatible pairs (1, τ ) and (σ, 1), respectively [27, Section 3] . In view of the assumption H 2 (N, k × ) ≃ Z 2 , we have H 2 (N, k × ) Z 2 = H 2 (N, k × ), and H 1 (Z 2 , H 2 (N, k × )) ≃ Z 2 .
Since k is algebraically closed, we have Opext(k N , kZ 2 ) = H 2 c (kZ 2 , k N ), by [27, Theorem 4.4] . Then, by [27, Remark pp. 418], N ) , is the connecting homomorphism in [49] . Let K = H 2 m (kZ 2 , k N ). By [27, Theorem 7 .1], we get an exact sequence (7.1)
With the identification Φ = d 2 as in [27] , we see that
Thus, (7.1) induces an exact sequence
whence Opext(k N , kZ 2 )/K ≃ π(Opext(k N , kZ 2 )) ≤ Z 2 .
According to [27, Remark pp. 418 ], the exact sequence (7.2) considered in the proof of Lemma 7.1 restricts, in this case, to the Kac exact sequence associated to the matched pair (Z 2 , N ) [20] , [29, Theorem 7.4] . In view of [30] , all Hopf algebra extensions H arising from elements of K are, as Hopf algebras, twisting deformations (of the comultiplication) of the split extension. This finishes the proof of the lemma. Consider the restriction map res : H 2 (N ⋊ Z 2 , k × ) → H 2 (N, k × ). It follows from exactness of the sequence in [49] , that K = 1 if and only res is surjective, and K ≃ Z 2 if and only if res is trivial. 
